This paper is an extension of an earlier paper that dealt with global dynamics in autonomous triangular maps. In the current paper, we extend the results on global dynamics of autonomous triangular maps to periodic non-autonomous triangular maps. We show that, under certain conditions, the orbit of every point in a periodic non-autonomous triangular map converges to a fixed point (respectively, periodic orbit of period p) if and only if there is no periodic orbit of prime period two (respectively, periodic orbits of prime period greater than p).
Introduction
Taking advantage of the structure of triangular maps, Balreira, Elaydi and Luís [3] have been shown global dynamics of higher dimensional autonomous triangular maps. Basically, they consider autonomous continuous triangular maps on I k , where I is a compact interval in the Euclidean space R. It is shown that, under some conditions, the orbit of every point in a triangular map converges to a fixed point if and only if there is no periodic orbits of prime period two. As a consequence of this conclusion, a result on global stability have been investigated. Namely, if there are no periodic orbits of prime period 2 and the triangular map has a unique fixed point, then the fixed point is globally asymptotically stable. This last conclusion takes a paramount importance in some applications. Particularly, in population dynamics when we are interested to investigate when local stability implies global stability.
In the current paper, we extend the ideas presents in [3] , to a periodic nonautonomous triangular difference equations. We show, under certain conditions, global dynamics of fixed points or periodic orbits in the periodic non-autonomous difference equation
where X ∈ I k and F n is a periodic sequence of triangular maps. The paper is organized as follows: in Section 2 we introduce the relevant concepts to our analysis. In the next section, we deal with periodic non-autonomous triangular maps and give the results in global dynamics and global stability in such periodic non-autonomous dynamical systems. Finally, in Section 4 we provide illustrative examples. Particularly, we study a periodic triangular Leslie-Gower competition model, a periodic triangular Ricker type model and a periodic triangular model given by some affine combination.
It is important to mention that, in the study of some periodic non-autonomous concrete models, one of the main difficulties encountered is precisely to find analytically the fixed points of the composition. This is precisely the nature of nonautonomous models. That computations are possible only in some limited models and in general, we are not able to find analytically, periodic orbits with period greater than the period of the system. Hence, in this field, is natural to use a software that help us in such computations. In the examples that we provide in this paper we are able to solve analytically the equations. We point out that some known one-dimensional examples can be extended to a higher dimension as a periodic triangular map, such as the logistic model for instance. However, the computations of the periodic points of the periodic system are possible only by numerical methods.
Before end this section, we notice that recently, the study of the dynamics of triangular maps has been increase. To cite a few papers, in [4] Cima, Gassul and Mañosa study the dynamics of a planar triangular map of the form x n+1 = f (u n ) + g(u n )x n and u n+1 = φ(u n ). In [11] the authors study the ω−limit sets of some 3−dimensional triangular maps on the unit cube.
In the terminology of population dynamics, triangular models are known as hierarchical models. In the paper [2] Assas et al. have been study a two-species hierarchical competition model with a strong Allee effect with no immigration (the Allee effect is assumed to be caused by predator saturation). Later on, in [1] the authors simplified the techniques employed in the previous paper and provided a proof in global dy-namics of the non-hyperbolic cases that were previously conjectured. They have been shown how immigration to one of the species or to both would, drastically, change the dynamics of the system. More precisely, it is shown that if the level of immigration to one or to both species is above a specified level, then there will be no extinction region where both species go to extinction.
Preliminaries
A map F : R k → R k is said to be triangular if it can be written as
For a point x ∈ R k , the orbit of x under F is given by
where Z + is the set of nonnegative integers. The omega limit set ω(
for some subsequence n i of Z + . The set ω(x) is closed and invariant and it is nonempty if the orbit closure of x is compact.
The following theorem by W. A. Coppel deals with global dynamics of onedimensional maps.
Theorem 2.1 (W. A. Coppel, 1955 [5] ). Let I = [a, b] ⊆ R and f : I → I be a continuous map. If the equation f (f (x)) = x has no roots, with the possible exception of the roots of the equation f (x) = x , then every orbit under the map f converges to a fixed point.
Throughout this paper we will dell with the following notions of stability. Let us consider the map F : I k → I k of class C 1 and let x * be a fixed point of the map F . We say that:
1. x * is stable if for any > 0, there is δ > 0 such that for all x 0 ∈ I k with x 0 − x * < δ we have F (x 0 ) − F (x * ) < . Otherwise, x * is said to be unstable.
x
* is attracting if there is η > 0 such that
3. x * is asymptotically stable if it is both stable and attracting.
4. x * is globally asymptotically stable if the above definition holds for all η.
Notice that the above definitions 1. -3. are local, that is, only need to be satisfied on a neighborhood of x * . In order to study the stability in higher dimensional models, we have to look at the eigenvalues of the Jacobian matrix of F at x * , denoted by JF (x * ). Indeed, let us define σ (x * ) = {λ ∈ C| λ is an eigenvalue of JF (x * )}. When clear from context, we will simple denote σ (x * ) as σ. We have that σ decomposes as the subsets σ s = {λ ∈ C| |λ| < 1}, σ c = {λ ∈ C| |λ| = 1} and σ u = {λ ∈ C| |λ| > 1}. For each of the subsets above, the tangent space of x * is decomposed into the invariant subspaces
It should be noted that some of these subspaces may be trivial subspaces.
Given an open neighborhood U of x * , the local stable manifold for x * in this neighborhood is defined to be the set
and the local unstable manifold for x * in the neighborhood U is the set
The stable manifold theory [6, 13] . Then x * is globally asymptotically stable if and only if F has no periodic orbits of prime period two. Corollary 2.3 play a paramount importance in certain models. Particularly, in population dynamics, when we want to show that local stability implies global stability. Notice that in population dynamics, the domain is the nonnegative orthant R k + , the extra assumption that all orbits are bounded is needed and the results remain valid.
The preceding results used the fact that the one-dimensional Sharkovsky's Theorem 1 holds for k−dimensional triangular maps as was shown by Kloeden [12] .
Periodic triangular maps
In this section, we extend the results presented in the previous section to periodic triangular non-autonomous models. We begin by presenting the principal concepts and notations. Let us consider a triangular non-autonomous discrete difference equation given by
where X n ∈ I k and the sequence of triangular maps
The orbit of an initial point X 0 = (x 1,0 , x 2,0 , . . . , x k,0 ) in the System (3.1) is given by O(X 0 ) = {X 0 , X 1 , X 2 , . . .} where
etc.. Define the triangular composition map as follows
where φ j,n (x 1 , . . . , x j ), j = 1, 2, . . . , k, is the composition obtained in each coordinate as illustrated before. Notice that we are assuming that the composition is well defined in some subset of I k . Hence, the dynamics of the system is completely determined by the triangular composition map Φ n (X). Now let us consider the periodicity of Equation (3.1) by considering p i to be the minimal period of the individual maps f j,i , i.e., for each j = 1, 2, . . . , k we have f j,n+p i = f j,n for all n = 0, 1, 2, . . .. Under this scenario we have F n+p = F n , for all n = 0, 1, 2, . . ., where
Hence, Equation (3.1) is p−periodic and its dynamics is completely determined by the composition triangular map Φ p . Notice that we can have the following three scenarios in the dynamics of the equation (3.1):
1. Common fixed point. If x * is a common fixed point of the sequence of maps F n (and obviously a fixed point of the p−periodic equation (3.1), then X * is also a fixed point of the composition triangular map Φ q,i ; 2. Cycle. If there exists q ∈ Z + such that mq = p for some m = 2, 3 . . ., then the p−periodic Equation (3.1) has a q−periodic cycle which is a mq−periodic cycle of the triangular composition map Φ p,i . This cycle is denoted by
Notice that X i , i = 0, 1, . . . , q − 1 is fixed point of the following compositions:
3. Geometric cycle. If the triangular composition map Φ p,i has a fixed point which is not in the conditions described above, then it is a p−periodic cycle of the p−periodic Equation (3.1). In this case this cycle is called as a geometric cycle and denoted by
Notice that X i , i = 0, 1, 2 . . . , p−1, is a fixed point of the following compositions
Here, when i = 0 we denote Φ p,0 by Φ p as described above.
Notice that, since we are dealing with global dynamics, in the last case it is enough to study the qualitative properties of the fixed point X 0 of the full composition Φ p since it determines completely the dynamics of the p−periodic equation (3.1). The other cases follow in a similar fashion.
We point out that the non-autonomous periodic difference equation (3.1) does not generate a discrete (semi)dynamical system [9] as it may not satisfy the (semi)group property. One of the most effective ways of converting the non-autonomous difference equation (3.1) into a genuine discrete (semi)dynamical system is the construction of the associated skew-product system as described in a series of papers by Elaydi and Sacker [7, 8, 9, 10] . It is noteworthy to mention that this idea was originally used to study non-autonomous differential equations by Sacker and Sell [14] .
We are now in position to extend the results of the previous section to the p−periodic equation (3.1). Recall that we are assuming that F n+p = F n for all n = 0, 1, 2, . . . , in the described conditions. Theorem 3.1. Let X * to be a common fixed point of the periodic sequence of continuous C 1 triangular maps F n with F n : I k → I k such that each fixed point X * is a locally stable fixed point of F n | W c loc (x * ) . Then every orbit in I k of the p−periodic Equation (3.1) converge to a fixed point if and only if there are no periodic orbits of prime period 2.
Proof. The proof follows the techniques employed in the proof of Theorem 2.2 presented in [3] by considering that in each fiber F i , i = 0, 1, 2 . . . , p − 1 (here each fiber is a simple copy of our space I k ), there exists a subsequence n j , j = 1, 2, . . . , k where the dynamics holds in each coordinate map f j,i .
In the case that Equation (3.1) possesses a cycle C q , we follow a similar idea as before, considering that in each fiber F i+l , i = 0, 1, . . . , q−1 and l = 0, q, 2q, . . . , mq−1, there exists a subsequence n j , j = 1, 2, . . . , k, where the dynamics holds in each coordinate map f j,i . In the case of a geometric p−periodic cycle C p we have the following result.
Theorem 3.3. Let Φ p,i : I k → I k be a continuous C 1 triangular map such that each fixed point X i , i = 0, 1, . . . , p − 1 of Φ p,i is a locally stable fixed point of Φ p,i | W c loc (X i ) . Then every orbit in I k of the p−periodic Equation (3.1) converge to a geometric p−periodic cycle C p = {X i , X i+1 , . . . , X i+p−1 } if and only if there are no periodic orbits of prime period greater that p.
Proof. Let us consider the autonomous difference equation X n+1 = Φ p,i (X n ), for all n = 0, 1, 2, . . . and i = 0, 1, . . . , p − 1. Since Φ p,i is a continuous C 1 triangular map whose fixed point X i is locally stable fixed point of Φ p,i | W c loc (X i ) , it follows by Theorem 2.2 that in each fiber F i , i = 0, 1, . . . , p − 1, every orbit of X n+1 = Φ p,i (X n ) converges to a fixed point X i if and only if there are no periodic orbits of prime period 2.
Since the fixed point X i of Φ p,i is a periodic point with period p of the p−periodic equation X n+1 = F n (X n ), i.e., the fixed point X i of Φ p,i generates a geometric cycle of the form C p = {X i , X i+1 , . . . , X i+p−1 }, then the above conclusion is equivalent to say that every orbit in F i , i = 0, 1, . . . , p − 1 of X n+1 = F n (X n ), converge to a p−periodic point if and only if there are no periodic orbits of prime period greater than p.
Remark 3.4. It is clear that:
1. If we assume uniqueness of X * in Theorem 3.1, then X * is globally asymptotically stable if and only if X n+1 = F n (X n ) has no periodic orbits of prime period two.
2. If we assume uniqueness of C q in Theorem 3.2, then C q is globally asymptotically stable if and only if the map Φ qj,i , i = 0, 1, . . . , q − 1 and j = 1, 2, . . . , m, has no periodic orbits of prime period two.
3. If we assume uniqueness of C p in Theorem 3.3, then unique p−periodic orbit of x n+1 = F n (X n ) is globally asymptotically stable if and only if Φ p,i , i = 0, 1, . . . , p − 1, has no periodic orbits of prime period two.
Illustrative examples
In this section we give some illustrative examples in order to show the ideas presented in the previous section and the effectiveness of our tools.
Triangular periodic Leslie-Gower competition model
Let us consider the non-autonomous triangular map
where µ, α > 1, 0 < β < 1 and K n , L n > 0. In order to have periodicity of the equation
let us assume that K n+2 = K n and L n+2 = L n , for all n = 0, 1, 2, . . .. Hence, the non-autonomous equation (4.2) , for all n = 0, 1, 2, . . .. It is a straightforward computation to see that:
1. O = (0, 0) is a fixed point of Equation (4.2);
, 0 is an exclusion 2−periodic cycle Equation (4.2) on the x−axis;
is an exclusion 2−periodic cycle of Equation (4.2) on the y−axis;
where Y 0 and Y 1 are given by
In order to guarantee that C 2 belongs to the first quadrant we assume that
Now we will study the properties of the fixed points of the triangular composition map Φ 2 = F 1 • F 0 . (As observed before the map Φ 2,1 = F 0 • F 1 leads to the same conclusions and will be omitted).
From the above conclusions we see that the map Φ 2 has the fixed points O = (0, 0), ε x = (x 0 , 0), ε y = (0, y 0 ) and C * = (x 0 , Y 0 ). The Jacobian matrix of Φ 2 , JΦ 2 , evaluated at the fixed points is
The origin is a repeller fixed point since the spectrum of the matrix JΦ 2 (0) is outside the unit disk. Since 1 α < 1 < µ, it follows that the fixed point ε y is a saddle. After some algebraic manipulations, it follows from Relation (4.3) that
From this we conclude that the exclusion fixed point ε x is a saddle since 1 µ 2 < 1. Moreover, the spectrum of the coexistence fixed point C * lie inside the unit disk. We can also see that the map Φ 2 (x, y) = (Φ 1,2 (x), Φ 2,2 (x, y)) has a periodic orbit of prime period 2 whenever
Using a software such as Mathematica or Maple, one can verify that the solutions of the previous system are the points O, ε x , ε y and C * , precisely the fixed points of the map Φ 2 . These computations can be done analytically, however it involves long expressions. So, we take advantage using of the software since it is able to do it algebraically.
From this we conclude that there are no periodic orbits of prime period 2 under the action of the composition operator Φ 2 . Since the hypotheses of Theorem 3.3 are satisfied, every orbit converges to a fixed point of Φ 2 which is a geometric 2−periodic cycle of Equation (4.2).
Moreover, since C * is the unique fixed point of Φ 2 in the interior of the first quadrant and all the eigenvalues lies in the interior of the unique disk, it follows by remark 3.4 that C 2 is a globally asymptotically stable 2−periodic cycle of Equation (4.2) with respect to the interior of the first quadrant.
Triangular periodic Logistic-Type Map
Consider the non-autonomous triangular logistic-type map defined on
where µ i > 0 and ν i > 0, for all i = 0, 1, 2, . . .. Each individual map F i , i = 0, 1, 2, . . ., has the following fixed points
In Table 1 is presented the regions of local stability, in the parameter space, of the individual fixed points of the maps F i . Notice that the orbits of F n are bounded since
, for all n = 0, 1, 2, . . .. Now, let us consider, for simplicity, the periodicity of the equation by taking µ n+2 = µ n and ν n+2 = ν n , for all n = 0, 1, 2, . . .. This implies that the nonautonomous equation
is 2−periodic since the sequence of maps F n is 2−periodic. In order to study the dynamics of Equation (4.5) we will consider the composition map Φ 2 = F 1 • F 0 . It is a straightforward computation to see that, the fixed points of Φ 2 are:
Individual fixed point Region of local stability E 0 µ i ≤ 1 Table 1 : Regions, in the parameter space, of local stability of the fixed points E 0 , E 1,i and E 2,i , i = 0, 1, 2, . . . of each individual the triangular logistic map.
1. E 0 = (0, 0);
where Since Ψ involves a long expression, we omit it here. We point out that it can be obtained explicitly by using a software such as Mathematica or Maple. Notice that x * is real whenever ∆ 2 ≥ 0, i.e., whenever (4 − µ 1 ) µ 1 µ 2 0 − 2µ 1 (9 − 2µ 1 ) µ 0 + 27 ≥ 0 (see Figure 1) . Now, the spectrum of the Jacobian matrices of Φ 2 evaluated at the fixed points is given by σ E 0 = {0, µ 0 µ 1 },
By considering parameters values as shown in Table 2 , we know that each fixed point E i , i = 0, 1, 2 is locally asymptotically stable. In Figure 2 is presented the region of local stability, in the parameter space µ 0 Oµ 1 , of the fixed points E 0 and E 1 . Let us now look how Theorem 3.3 establishes the global dynamics of the fixed points E i , i = 0, 1, 2. Indeed, in order to apply Theorem 3.3, it suffices to show that there are no periodic points, i.e., the solutions of the equation
are exactly the fixed points E i , i = 0, 1, 2, when the parameters are restricted to the region established in Table 2 . Unfortunately, we are not able to solve explicitly the previous equation. At this stage the computations are able only by numerical methods. Using a software such as Mathematica or Maple one can see that (0, 0), (x * , 0) and (x * , Ψ) are solutions of the equation. There are however solutions of some polynomial equation. Numerical computations shows that the solutions of this polynomial equation are not real under the conditions of local stability expressed in Table 2 .
Hence, if one assumes that this polynomial has no real roots whenever the parameters belongs to the stability region defined in Table 2 , then the map Φ 2 has no periodic points of minimal period 2. Moreover, all the fixed points E i , i = 0, 1, 2 are hyperbolic and the hypotheses of Theorem 3.3 are verified. Hence, we conclude Figure 2 : Region of local stability, in the parameter space µ 0 Oµ 1 , of the fixed points of the 2−periodic triangular logistic model. In the gray region the fixed point E 0 is locally asymptotically stable while in the black region the fixed point E 1 is locally asymptotically stable. In this second fixed point we consider ν 0 = ν 1 = 0.5.
Fixed point
Region of local stability E 0 µ 0 µ 1 < 1 that every orbit converges to a fixed point under the action of the composition Φ 2 which is a periodic point of period 2 of the non-autonomous equation X n+1 = F n (X n ). Moreover, since E 2 is the unique fixed point of Φ 2 in the interior of I 2 , it follows that the non-autonomous equation X n+1 = F n (X n ) has a globally asymptotically stable 2−periodic orbit in the interior of I 2 .
Triangular periodic exponential type model
Let us consider the non-autonomous difference equation
where the sequence of triangular maps F n : R where 0 < r n ≤ 2 and 0 < s n ≤ 2, for all n. In order to have periodicity let us assume that r n+3 = r n and s n+2 = s n , for all n = 0, 1, 2, . . .. Hence, the nonautonomous equation ( Moreover, computations shows that there are no 2−periodic cycles in Equation (4.6) since the solutions of F i+1 • F i (x, y) = (x, y), i = 0, 1, . . . , 5, are the fixed points of each individual map F i . Consequently, by Theorem 3.1 every orbit in Equation (4.6) converges to a fixed point. Moreover, since C * is the unique fixed point in the interior of the first quadrant, it follows by remark 3.4 that C * is globally asymptotically stable fixed point with respect to the interior of the first quadrant.
A suitable generalization of this model leads to the same conclusions. For instance, if we consider the sequence of triangular maps as follow where for each j = 1, 2, . . . , k we have r j,n+p j = r j,n such that 0 < r j,n ≤ 2, then the p−periodic difference equation X n+1 = F n (n), with p = lcm(p 1 , . . . , p k ), has a globally asymptotically stable fixed point of the form
(1 − µ i ), . . . , (1 − µ i ) ≤ 2, for all n j = 0, 1, 2, . . . , p j − 1 and j = 2, 3, . . . , k.
